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A property of a binary unit is obtained which is invariant in all number fields of 
fixed degree n, n >/ 3. This property is then used to formulate a necessary condition 
for the solvability of a binary form. 
1. INTR~D~JCTI~N 
Let Z denote the integers and let Q denote the rational numbers. By a 
binary form we shall mean the left side of the equation 
(n233) a,x” + a,x”-‘y + **- + un-,xy-’ t Q,Y” = m, (1) 
where m, a O,..., ct, are in Z and the equation is irreducible over Q. 
Dickson, in his “History of the Theory of Numbers” [3, p. 6731, notes 
that Lagrange showed that the solution of the above equation can be reduced 
to the case m = 1, and that Poincare further showed that a, may be taken as 
one, if the equation is solvable. In 1909 Thue [4 1 proved that (1) has only a 
finite number of solutions. More recently, Baker [I] established an effective 
algorithm for solving (1). 
2. MAIN RESULT 
It is the purpose of this article to obtain an invariant property of a binary 
unit in an nth degree number field which in turn will lead to an unsolvability 
criterion for the equation 
(n 2 3) x”ta,x”-‘yt *** + a,-&+’ t any” = 1. (2) 
It is well known that solving (2) is equivalent to finding all binary units in 
the ring Z[w], where w  is a root of 
X”-Cza,x”-‘t--.*(-l)“a,=O, (3) 
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in the sense that e = A + Bw is a unit with positive norm in Z[w] if and only 
if x = A, y = B is a solution. We will obtain an invariant property of e which 
will yield a necessary condition for the solvability of (2). 
Ifwelete-‘=b,+b,w+... + b,- i wn-‘, then the coefficients b, ,..., b,- 1 
are functions of A, B, and the coefficients a, ,..., a, in (3). However, in the 
following theorem we will show that the value of b,- i is invariant for the 
binary unit e = A + Bw in the sense that if A + Bw is a binary unit in any 
tield of degree n defined by (3), then b,-, does not depend on the coefficients 
a, ,..., a,. Moreover, this is the only coefficient that possesses this property. 
THEOREM 1. If e = A + Bw is a binary unit in Z[w], w a root of (3), 
and its inverse is denoted by e-l = b, + b,w + ... + b,-lw”-‘, then b,,-, is 
the only coeflcient which does not depend on a, ,..., a,. In fact, 
b n-1 = fB”-‘. 
ProoJ After employing (3) and multiplying out the right-hand member 
of the equation l=e-‘.e=(b,+b,w+...+b,-,w”-‘)(A+Bw) we 
compare coefficients to obtain the n equations 
Ab, f (-l)“-‘Ba,b,-, = 1, 
Bb, +Ab, + (-l)“-* Ba,-lb,-l = 0, 
Bb, + Ab, + (-1)“-3 Ba,,e2 b,-, = 0, 
Bb n-3 + Ab,-, - Ba,b,-, = 0, 
Bb,-,+Ab,-,+Ba,b,-,=O. 
Consider this system as n equations in the n unknowns bO,..., b,- i . From 
Cramer’s rule we find that 
b n-1 = fB”- ‘/det D. 
At this point the matrix D contains the parameters (I,,..., a,. However, we 
will show that the matrix D is exactly the transpose of the matrix which 
yields N(e), the norm of e (A similar observation for cubic fields was first 
made by Bernstein in [2]). We write the equations which constitute a 
Tschirnhausen transformation from w  to e. 
e=A+Bw, 
ew = Aw + Bw*, 
ew “-I= (-l)“-‘Ba, + (-l)“-* Ba,-,w + .a. -Ba,w”-’ + (A + Ba,) w”-‘. 
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Thus we have that N(e) is given by the determinant corresponding to the 
matrix formed by the coefftcients of the powers of W. But by comparison this 
is exactly the same as D’, the transpose of D. Since e is a unit, 
i 1 = N(e) = det D’ = det D. 
Thus the formula 6,-i = &B”-’ of the theorem is established. Further 
computation of b, ,..., 6,- 2 by Cramer’s rule shows that these coefficients are 
dependent on a, ,..., a, and thus b,-, is the only invariant value. 
Theorem 1 allows us to formulate the following unsolvability criterion. 
COROLLARY 1. Equation (2) is unsolvable (except for trivial solutions in 
which y = 0) unless for some nonzero k in Z there exists at least one pair of 
units in Z[w], w a root of (3), both of whose coefJicients b,,-, satisfy 
b n-l = +k”-‘. 
Proof: If x = A, y = B # 0 is a solution of (2), then e = A + Bw is a unit 
in Z[w]. If e-l= b, + b,w + --- + b,-lw”-l then by Theorem 1, 
b n-l = fB”-‘. The second unit is given by the formula 
e A”-‘Bw + ..a +B”-‘w”-‘. 
In conclusion it should be noted that Theorem 1 together with 
Corollary 1 reduces the search for binary units in the following sense. If e 
were any unit in Z[w], then to show that 
em = bb”) + b’,“‘w + . . . + biT),w” ’ 
was not binary for all m = f 1, f2,..., it would suffice to show that for all 
m = 1, 2 ,..., b’,“_‘, f *k”- ’ for every nonzero k in 2. 
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